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LuiSA Fiorot 

Abstract. In this paper wc introduce the category of stratified Pro-modules 

and the notion of induced object in this category. We propose a translation of Morihiko 
Saito equivalence results ([S.2]) using the dual language of Pro-objects. So we prove an 
equivalence between the derived category of stratified Pro-modules and the category of Pro- 

' differential complexes. We also supply a comparison with the notion of Crystal in Pro-module 

' (introduced by P. Deligne in 1960). 
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Introduction. 

Let X be a smooth separated noetherian scheme of finite type over C. We first note that a 
differential operator of finite order m e N (between ^j^-modules) can be defined in two different 
^ i ways: the first using induced right ^x,m-iiiodules, as done by Morihiko Saito in [S.2], the second 

using the sheaf of principal parts Thus, any differential complex .if* admits two "linearized" 

', versions. The first is given by M. Saito's functor DR3^^(^') :— &x in the category of right 

■ ^x-modules while the other is given by Grothendieck's formalization functor := {'^x^i ®ffx 

in the category of stratified Pro-modules. 

In [S.2] M. Saito proved the equivalence between the derived category of right ^x-modules 
. (quasi-coherent as ^x-ones) and a suitable localized category of differential complexes. Our aim is to 

' prove a "dual" version of this equivalence replacing quasi-coherent right ^x-modules by Pro-coherent 

stratified ones. The main idea is that of using the Grothendieck formalization functor instead 
of Saito's DR^^^. On the other hand, a functor DRjf is always defined on stratified objects simply 
by taking horizontal sections. Suitably localizing these functors gives an equivalence between the 



' derived category of Stratified Pro-coherent modules and that of Pro-differential complexes (suitably 

localized). We also define a category of fl'x-vaaA\Aes, in Pro-object (suitable localized) and we prove 
an equivalence with that of stratified Pro- modules (as done in the dual case in [Fl]). 

In the last section we interpret stratified Pro-coherent modules as objects in the Crystalline 
site. In particular we prove that the category of stratified Pro-coherent modules is equivalent to 
the category of "crystals in Pro-modules" . This last notion was first introduced by P. Deligne in a 
cycle of lectures he gave at IHES. There Deligne proposed the notion of "Crystals in Pro- modules" 
attached to algebraic constructible sheaves on an analytic space Moreover he proved that the 

category of "regular crystals in Pro-modules" is equivalent to that of "algebraic" constructible sheaves 
on X"" (unfortunately this work was not published). By Deligne's equivalence theorem we obtain 
the equivalence between the derived category of regular stratified Pro-coherent modules and that of 
"algebraic" constructible sheaves, and thus a sort of Riemann-Hilbert correspondence. 

As noted above the notion of stratified Pro-coherent module is dual to that of quasi-coherent right 
^-module. In a work in progress we expect to prove an anti-equivalence of categories between the 
category of perfect ^^-complexes and that of perfect complexes of stratified Pro-modules. This anti- 
equivalence is compatible with the duality in the category of differential complexes. In particular when 
any object of a differential complex is coherent on Gx^ the notion of ^jsf-qis (see [S.2]) is equivalent 
to that of Ql^-qis. 
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1. Pro-Coherent ^x-Modules 

We briefly recall some results on the category of Pro-coherent ^jsf -modules. 

1.1. Definition. ([SGAIII,!]). By deBnition the category Pro(Coh(^x)) := Ind(Coh(€^x)°)°. 
Objects are filtering projective systems of colierent -modules, while morphisms between two such 
objects ^i, 'Sj are Homp].o(^/, ^^j) = lim liin Hom^^ (^j, ^^j). For brevity we will use the notation 

v{&x) for Pro(Coh(^x)) and ^i{ffx) for Ind(Coh(^x))- 

1.2. Remark. Given a noetherian scheme X over C, the category ijl{&x) is equivalent to the 
category of quasi-coherent ^x-modules (denoted by QCoh(^x)) see [RD, appendix]. Moreover any 
object in lJ,{&x) may be represented as an inductive system whose transition morphisms are injective 
maps. 



1.3. Remark. The functor tensor product: 

_(8)^x.: Coh(^x) X Coh(^x) — > Coh(€?x) 

extends to the procategory: 

-(8)ex-- Pro(Co/i(^x)) X Pro(Coh(€?x)) — > Pro(Coh(^x)) 



1.4. Remark. Let ^ be an abelian category, then Pro('^^) is abelian (see [AM, appendix]). 
Moreover if has enough injectives the same is true for Pro('^) (see [J], or [AM]). This result mainly 
concerns the description of Ker(/) and Coker(/), where / is a morphism in Pro(^), done in [AM]. So 
i^i^x) is an abelian category. Let Pro(QCoh(i^x)) be the Pro-category of quasi-coherent ^x-niodules. 
It is an abelian category and it has enough injectives (since QCoh(^x) has enough injectives), moreover 
t^i^x) is a full thick subcategory of Pro(QCoh(^x))- In fact Coh(^x) is a full thick subcategory of 
QCoh(^x), and it is easy to prove that the same is true for their Pro-categories ([F2]). 

1.5. Remark. Let denote by D+^^^j (Pro(QCoh(^x))) the derived category of Pro(QCoh(^x)) 
with cohomology bounded below and in i'{^x)- Then £)^^^^j(Pro(QCoh(^x))) is equivalent to the 
derived category £>+(i/(^x))- 



2. Stratified Pro-Modules 

In this paper we consider X a smooth algebraic variety over C. We will denote by {^x}^ 
projective system of sheaves of principal parts ([EGA IV]), by Qm : ^x — ^ map induced by 

the diagonal embedding X — > X x X and by qm,n ■ ^x — ^ ^x ("^ ^ ^) the maps of the projective 
system {^™}z- By definition 9x,jn = ^omff^ {0^^, Gx) and 9x = lim ^x,m is the sheaf of 

— in&\ 

differential operators. We denote by [}\ the De Rliam complex of algebraic differential forms and 
by Q'^ := ^om^j^(i73c) ^x) its dual. Moreover let d := dx be the dimension of X\ we denote by 
:= ^x tl^6 sheaf of differential forms of maximum degree. 

2.1. Definition. ([BeO; 2.10]). Let X be a smooth separated noetherian scheme of finite 
type over C and let be an Gx -module. A stratification on ^ is a collection (one for any n €N) of 
^^-linear isomorphisms 

■ ^l^e^^ ®ex 

such that e,^,n and e,^,m a-re compatible via qn,m for each m ^ n, the map e^fl is the identity, and 
the cocycle condition holds. 
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2.2. Proposition. ([BeO; 2.11]). Let ^ be an ^x-module, the following are equivalent: 
i) there is a collection of maps 

"right" &x-hnear such that s^,o = id.^, {id^ (^e^ qm,,n) ° s^,m = and (s^^n id^^) o 
„ = {id^ J"'"*) o s^,„+„ (see [EGA IV,16.8.9.1] for the definition of 5"" 
i') there is a collection of maps 

"left" ^x-iinear such that s'^ ^ = id^, {qm,n ^ex id^:) o „ = s^_„ and (irf^™ (g)^^ ^^,n) ° 

""'^.rn = ('5"''" id.^) ° 

a) ^ is a stratified module; 

Hi) ^ is a left ^x -module, where ^x is the sheaf of rings of differential operators. 

Proof. [BeO, 2.11]. 

i) + ii) =^ i') and i') + ii) i). 

in) i) Let ^x ®ex •'^ be the multiplication on the ^jsf -module ^ then 

mez 

= lim Hom^^(J?", J? (8)<?^ ^"^). 

The associative diagram induces the diagram for co-associativity, and the identity diagram induces 
that of the co-identity. □ 

Stratified ^x-modules form a category which we denote by ^x-Strat. Morphisms are i^jf-linear 
maps which respect the stratifications. We are now interested only in coherent objects so Coh(^x)- 
Strat will denote the full subcategory of ^x-Strat whose objects are coherent. 

We want to extend this category to Pro-objects, in order to obtain a category dual to that of 
quasi-coherent (so Ind(Coh(^x))) right ^x-modules. 

The naive way would be that of taking simply the Pro-category Pro(i^jc-Strat), but in this way 
we obtain Pro-objects which have a stratification at any "level" while we need a larger category, that 
of stratified Pro-objects defined as follow. 

2.3. Definition. Let z^(^x) be tiie category whose objects are Pro-coherent ^x-modules 
{^h}H endowed with a stratification that is a morphism of Pro-objects 

{<^h}H'^ {^^}z 

which make the co-identity diagram 

(2.3.1) {^^}^'fJ^ {^J^ {^-}^ 



id 



and the co-associative one 



(2.3.2) {^h}H !if!iliL^ {^^}^ ^ {^m}^ 



{^h}H ® {^f k — ^l^h}H ® {^f }z ® {^Th 

commutative. (This is simply the category of {,^^}z-co-moduJes in the category v(Gx) )■ 

By definition S{ ^^y^ := {5'"'"}zxz is the map inducing the stratification on the "right" {^x}^ — 
Pii^x) (see [BeO, Remark 2.13], [G]). A morphism of Pro-objects f : {^h}H — *{'^k}K is a morphism 
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in v{^'x) if ^nd only if the diagram 
(2.3.3) {^h}H 



{%}k 



commutes. We denote by M'om^^{{^h}H,{^k}K) (or M'omstTa.t{{^h}H,{'^k}K) the sheahhed 
version of the set of morphisms in v{3^'^). 

We denote by C*{^x) (^esp. -^esp. D*{^x)) with * G {+,-,6} the category of 

complexes (bounded below, bounded above, bounded) (resp. up to homotopy, resp. up to quasi- 
isomorphisms) in v(ffx)- 

2.4. Remark. [BeO; 2.2, 2.3]. In our setting X is smooth, hence the sheaves {^xlz a-re locally 
free of finite type. A base of (fo'^ both left and right ^jc-module structures) is {^"^ • • •^^'*|ai + 

\-ctd^n; a, G N} where := 1 — a;j (g) 1 and I = 1 ig) 1 in local coordinates. By this description 

the "right" stratification on the Pro-system {<^™}z is given by the morphisms 

I I > I® I 

• • • Cd" ^ ^'"•f (6)"^ • • • (^d)"<^ Vai, . . . , ad e N, ai + • • • + ad < m 
Moreover the sheaf f2\ is simply the sub-sheaf of ^x generated by ^, for i = 1, . . . , rf. 



2.5. Definition. A stratified Pro-module is induced if it is isomorphic to {^x}z, ®0x ^ j 
some ^ e vi^&x^, endowed with the stratihcation induced by the canonical one on {^3? }z (^(^(^ [G, 
6.3]). Wc denote by jyi{£Px) ^"^^ subcategory of v{!^x) whose objects are induced. We denote by 
^ii^x) (resp. K^{£^x)' resp. D^{£^x)) category of bounded complexes (resp. up to homotopy, 
resp. up to quasi-isomorphisms) in Ui{&x)- 

2.6. Proposition. The category v{3^x) abelian category, small hltering projective 
limits are representable and exact. The forgetful functor 

for:u{^x)^H^x) 

has a right adjoint 

{^h}H ^ {^^}i.®ex{^h]H 

which takes image into Vi{0^x)- 

Proof. Kernels and cokernels in fi^x) ^'^^ those of i'{&x) endowed with the induced strati- 
fication and for any morphism / in v(^'x), the image of / is isomorphic to its co-image. So v{^'x) 

is an abelian category and the forgetful functor is exact. Small filtering limits arc representable and 
exact because they are representable in i'(&x) and they have canonical stratifications. 
The map 

^(ym5tM^h)H,{^xU®e^{'^k}K) ^ ^om,^ff^){for{{^h}H),m}K) 

(co-extension of scalars) is a bijection whose inverse is the map 

^om^i^^)ifor{{^h}H),{^k}K) ^ J^om^^^y^{{.J^h}H,{^Th^ffx{^k}K) 

Clearly a(/) is a morphism in i'{if'x); on the other hand in order to prove that /?((/) respects the 
stratifications it is sufficient to remark that is a functor so the map (zd^^mj^ 5) respects the 
canonical stratifications on {<^™}z 'S'ffx - ^ 
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2.7. Remark. Proposition 2.6 also holds true on replacing v{ffx) by the category of Pro- 
quasi-cohcrcnt modules Pro(/i(^x))j and i'{^'x) by the category of stratified Pro-quasi-coherent 
^_x-modules denoted Pro(/i(^^)). 

2.8. Corollary. Any object in Pro(/i(^3f )) induced hy an injective object in Pro(/x(^x)) is 
injective. Moreover Pro has enough injectivcs. 

Proof. Let be an injective Pro-quasi-coherent i^x-modulc, then the functor 
J^omstrA-, {^x} ®ex = Jfompro(j.(ff^y){,for{.), 
is exact because for{-) : Pro{ii{^j^)) — > Pro(/i(i^x)) is exact and S' is injective. 

For each ^ G PTo{p{^'^)), there exists ^ € Pro{ii{^)'x)) and an injective map i : for{,yV) ^ ,^ 
in Pro(/x(i^x))- Then the map : Ji^ — is an injective map in Pro(/x(,^J^)) (and 
{^™}z ®ex is injective in Pro(/x(,^x)). □ 

2.9. Corollary. Derived co-extension of scalars. 

Let ^ e and ^ e 

R^omstrat(=^,{^x}z ^) ^ R=^om^^^) (/or(^), ^); 
is a quasi-isomorphism. 

Proof. Let denote by E'{^) an injective resolution of in Pro(/i(^j)s: )). Then 

^ jrompro(^(^,))(/or(^),S-(^^)) = 
= RJf'om,(^,)(/or(^),$f). 

□ 

Let consider the De Rham functor 

RJ^omst.at(^x,-) : B\v{3^-^))^D\Cx) 
where Cx denotes the category of sheaves in C-vector spaces. Then for any jM' G D^{i'{^'^)) deriving 
it in Pro(/x(^^)) we have: 

Rjromst,at(^x,^ ) =^RJifomsi,A^x 0x,-^') = 

The complex /^^^ 0' is a complex of Pro-coherent- ^x-modules but its differentials are not ^x- 
linear. 

In the following we will define the category i/(^jc)-Diff wherein the functor Jfom's^^^^x , -) 
has its image in a fully faithful way. So the De Rham functor will have its image in a suitable 
localization of i'{i)'x)-P>iSx ■ 

2.10. Theorem. Induced stratified Pro-modules are acycUc for the functor JfomstTa,ti^x,-)- 
For ^ , such modules 

Jf^ := Rjf'omstrat(^X,-^) = =^Omstrat(^X,^) 

and the morphism 

(2.10.1) omstrat (■^, ^) — ' M'omcx {Ji^, J/^) 

is injective. 

Proof. By hypothesis there exist ^, in v^Gx) such that ^ = {^™}z ®ex ^ and 
^ ^ {^x}z ®ex Then 

R=^omstrat(^;f =R=^omstrat(^;f , {^^}z ®ex ^) = 
^■RM'om,(e^){&x,^) = 
^J^om,(^^){&x,^) ^ 
^JifomstrA^xA^xU ^ffx ^) = 

=J^0mstia.t{^X,^) 
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which proves the first assertion. 

For the second statement let consider the map 

obtained by composition with the stratification morphism : I* is injective 

because the image of s'^ generates {^x}^ ^e^^ ^ as Pro-coherent- ^x-module. 

We note that this theorem is the analogue (for Pro-objects) of Saito's Lemma [S.2; 1.2]. □ 



3. Diflferential Complexes of Pro-modules 

3.1. Definition. Let {^i}i and {.jSfJjj be two Pro-cohcrcnt ffx -modules. The sheaf of 
differential operators, which we denoted by jt'omr)i«{{.^i}i,{^j}j), is the image of the injective 
map (2.10.2). So 

:= limlimlimJf om^x(,^^ (g)^^ = 

J I z 
^ lim lim Jifomuis^ {^i , ^j) • 

J I 

We recall that for ^ e Coh(^x) and ^ an Gx-modulc, the sheaf Jfom.uiSx is isomorphic to 

lim^^om^^(.^™ ^,^) ^ lim^y^om<9^(.^,^ ^x,rn)- 

We denote by J^(^x)-Diffjf the additive category whose objects are Pro-coherent-i^x-modules 
and whose morphisms are differential operators (sometimes called differential complexes). We have a 
functor 

q"x- ^^(^x)-Diffx M-^x) 

which extends that of Proposition 2.6. This functor was firstly introduced by A. Grothendieck in 
[G; 6.2] and it is called the formalization functor or linearization. By (2.10.1) it is an equivalence of 
categories. 

3.2. Remark. If we restrict the formalization functor to differential complexes J^' whose objects 

are coherent if^x-modules, then the Pro-objects Q'^(^) are always of Artin-Rees type. Moreover any 
morphism of Pro-obejcts between two such objects is necessarily of Artin-Rees type (see [G;6.2]). 



3.3. Definition. Let C^{u{ffx),^'^Sx) be the category of bounded complexes in i^{^?'x)-L)iSx ■ 
Let D''{i'{ffx),^iSx) be the category obtained from C''(i'(i^x),^iSx) by inverting Q'^-quasi-iso- 
morphisms. This is a triangulated category with the usual shift functor and distinguished triangles 
those induced by the usual mapping cones. We remark that this localizing procedure was first intro- 
duced in [AB, Appendix C] following an idea of P. Berthelot. 

We obtain a localized equivalence of categories 

QSc : D''(u(&x),BiSx)^Dl{^x)- 
This functor would be the "dual" of Saito DRy functor. 



3.4. Remark. The morphism (2.10.1) is induced by the following commutative diagrams which 
are adjoint to those of ^x-modules in the smooth case ([S.2; (1.4.1)]): 



(3.4.1) 



if- 
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for any Q%{P) e Homstrat(Q5^(=S?), Q^(^')) = Hom,(^,)(Q0,(j5f),^')- The map rfi : 
is that induced by the second projection of X x X into X. 

3.5. Definition. An object in D''(i/(^x), Diffx) is said to be perfect if it is locally isomorphic 

to a bounded complex whose elements are locally free -modules of hnite rank. We denote by 
D^{v{ff x): Diffx) the category of bounded perfect complexes in D'^{v{ff x), Diffx)- Then any object 
in Diffx) may be represented as an object in C''(Coh(^x), Diffx) (see [L] for definition of 

perfect objects). 

3.6. Definition. Herrera-Lieberman differential complexes. 

([HL, §2] or [Be, ff.5]). Let (i^(^x), Diffx) denote the category of bounded complexes of 
differential operators of order at most one, that is: 
i) the objects of C]'(z/(^x), Diffx) are complexes whose terms are Pro-coherent-^x-modules and 

whose differentials are differential operators of order at most one; 
a) morphisms between such complexes are morphisms of complexes which are i^x -linear maps. 
The category (7]'(Coh(^x), Diffx) is the full subcategory of Ci{u{^x), Diffx) whose objects are 
coherent modules. 

We denote by D\{v{0'x), Diff jf ) the category obtained form Cf(i/(^j(:), Diffx) by inverting Q^- 
quasi-isomorphisms in (7j(i/(^x), Diffx). Thus we have the functors 

A : D>l{u{^x), Diffx) D>>{iy{^x),'DiSx) 

Q%^, : £>JK^x), Diffx) ^^•''(^x) 

wliere Qx,i '■= Qx ° 

4. De Rham Functor 

4.1. Definition. Let M e v{!^'^) and 

DRx(^) := ^2x = 

1 d 
(4.1.1) = [0 >^ ^fij^^ff^^ ^ ^flj^^e^^ ^0]. 

The differentials are defined using the stratification map s'^ (see Proposition 2.2) and the projection 
— ^^x- The complex DRx{-^) belongs to C^(t'(^x), Diffx) and in particular it is also an 
object of Cf(z^(^x), Diffx). We define the functors 

DRi,x: C"'(^x) Ct(K^x), Diffx) 

^' I — > (n'x J^')tot =■■ ^'x ®'e^ 

andDRx = Ai oDRi,x. 

We want to prove that this De Rham functor sends the multiplicative system of qis in C^(l^'-^ 
into the multiplicative system of Qx-qis in C''(!/(^x), Diffx). In order to prove this result we need 

the following version of the crystalline Poincare lemma &x ^ Q51fDRx(^x). This lemma may be 
found in [G, 6.5] and in [BeO, 6.12] where Berthelot Ogus proved a filtered version. We give here a 
simple proof of the result we need. We note that our proof also works well in characteristic p using 
the formalism of divided powers. 
Let us remark: 

4.2. Remark. [Be.O, 2.13]. The Pro-object {^x}^ admits two different stratifications depend- 
ing on the €?x-modulc structure wc chose on it. Wc consider on {=^x}z its "left" (^?x-structurc, 
(that given by po), (so its "right" ^x-structure may be used in the tensor product with the De Rham 
complex). This is the construction of Grothendieck linearization. In this case {^x^i is endowed 
with the stratification d : ^\ ,9''^ sending (/ ®g)^l®g®l®f. 

On the other hand, if we consider the "right" structure on {.^x }z, the stratification is given by 
the map 5. 
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4.3. Lemma. The linearized De Rham complex is a resolution of 0x 
in C''{^x)- ^^ct the complex 

(4.3.1) &x — {^3?}^; — {^^U ^\ — • • • — {^3?}z ^"x 

is exact and thus locally homotopic to zero since its terms are locally free. 

Proof. First of all we remark that Q^DRx(^x) is a complex in C^{^'x) and the map 

d° 

(?x — {^x}^ respects the stratifications (see the remark given below regarding the stratification 
on {^^}z)- It is evident that V° o d° = 0. 

The complex (4.3.1) as a complex of I'i^^x) is represented by 

(4.3.2.n)„ez {^x ^1 ^ n\ ^ ■ ■ ■ ^^-'^ f^jc}nm- 

We will prove by induction that (4.3.2.n) is exact for each n G N. 

First of all we render the ^x-linear differentials on the complex explicit by the use of the basis 
given by (see remark 2.4). Then d° is the map 

d° : — > ^x 

1 I — > I:=1®1 
/ ^ /®1 = /I 

while V := Qx(V) is the linearization of the De Rham complex ( ffx ^x *" ' ' ' ^x ) 

obtained as 

^1 ^"x — -^r ' ^"x^ 

^x~^ ^x ®t}. n\ " 

where V('i) is 

V^i) : ^jf ^'x^' 

if ® g) <Siu} I — > fV^{gu)) so that in local coordinates we have 

6® (6i A---AC*J I — > C^ AC^i A---ACip Vie{l,...d}. 

Now we proceed by induction on the "level" n in order to prove that (4.3.1) is exact. For n = the 
complex (4.3.2.0) reduces to 

— ffx — >o — >o 

which is obviously exact. When n = 1 the complex (4.3.2.1) is 

— — ,Q]^ — , 
which is homotopic to zero via the ^x-linear homotopism 

^ ffx fi]c ^ ^x 

f^9 ' — > fg ' — ^ 6 

then = Gx ® Let us suppose that the complex (4.3.2.n-l) is exact with n > 1. Then we 
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consider the diagram 

















> ^ JnjJn+\ ^ jn-\jjn , ^ g,^^ ^d^ ^ q 







X 



^ ^eyc ^X 



2fn—d 



-^0 



X 



-^0 



















whose columns are exact. By inductive hypothesis the third row is exact. Then the second row is 
exact if and only if the first is. So we will prove that the complex 



(4.3.3.n) ^ ^"-i/j^" (g>^^ nj^ 

is exact proving that its identity is homotopic to zero. 
We have to construct £?x-linear maps 

Sp : jr"-P/y"-P+^ QP^ ^ jrn-p+i I jfu-p 

for any p= 1, . . . , such that in the diagram 



,1 D\ 



yn-d^jrn-d+1 




the identity of n^- would be id = DP'^ osp + Sp+i o Dp. 

First we explicitly write the action of the differentials DP on a basis: 

jrn-p-l/yn-p 



jn-pjjn-p+l 

with Qi + ■ ■ ■ + ad = n — p. 
We note that the map 

p times 



p times 



^x 



fx ^X 



^X 



fx ^X 



induces a map aP : i?^ — »■ i?^ (8)^^ ^x^^- We define Sp (up to the factor n{p—l)\) as the composition 



jn-pjjn-p+l 



, y ^n-p+2 I 




where m is the map m : j^"-p/j^»-p+i (g,^^ — , ^„_p+i^^„_p+2 jn^juced by the multiplica- 
tion. It is well defined because ^"-p+i^ = jn-p+i _ jn-pj2_ explicitly calculate Sp on 
a local basis 

jn-pjJn-p+\ ^ yn-p+l/yn-p+2 ^p-1 

• • • ® A • • • A ^ ^ E^=i(-l)'"+'er • • • ^T^im ® A • • • A S„ A • • • A . 



We note that this definition also makes sense in the divided powers setting. Indeed, in characteristic 
p we replace by and the local description becomes: 

^[-1 • • • e^-l A • • • A Ci, ^ E^=i(-l)"+^d"^' • • • d:""^'^^"^' ® A • • • A A • • • A 6.. 
Now let us compute the composition Dp~^ ° Sp + Sp+i o on an element of the basis. We have 
{DP-' o sp+s^+i o £)f • • • C ® A • • • A 6J = 

=-^''"'(^ E • • • ® A • • • A L A • • • A 



+ Sp+i(^ a,^r • • • • • • ® 6- A Ci, A • • • A CiJ = 

=^E E (-ir+'«.cr---C"'---c?»™®e.A^,, a...aS.a...ac,j+ 

+ ^ ( E («*^ + 1)^"' • • • ® A • • • A J + 

m— 1 

+ ^(E E (-ir"i^r---C"'---^?^^^®^i/^^HA---AS.A...A6j+ 

m=l j=l,^i^ 
J=l5tJl,...,lp 

1 

= -(P + E • • ■ C'' ® ?n A • ■ • A = 

as desired. □ 

The complex {^f}z f2'x ^ TyRx{{^xh) where we take {^^}z = pU^x)- Thus we 
obtain a "Poincarc Lemma" : ffx — DRx({<^x }z)- This result is the "dual" of the quasi-isomorphism 
^'x = coxid] [B; VI.3.5]. 

The same result holds true on taking {^x}^ — Poi^x)- In this case we obtain the following 
corollary. 

4.4. Corollary. The complex 

(4.4.1) ^x {<^f }z nj, {^^}z > ^ Q% {^f }z 

is exact. Hence, 

ffx^m.{pi{ffx)) 

is a quasi-isomorphism in C^{u{^'x))- 

4.5. Corollary. Let J{ G The complexes 
(4.5.1) 

^ {<^f }z ^ ^x ®ffx {^xh <^ffx ^ ^ ^x ®ex {^xh 

and 
(4.5.2) 

^ {^^}z ^ ^ {-^x }z ®«?x ^ {-^x }z -^x 
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are exact. 



Proof. Let us consider the sequence (4.5.2). Its analogue for ^ = Gx is the sequence 4.3.1, 
which is exact and so locally homotopic to zero. Any additive functor respects homotopies, so 4.3.1 
tensorized over with ^ gives 4.5.2 which is exact. 

□ 



5. Equivalences of Categories 



5.1. Remark. Let ^' be an object in C\{y{0x),^'^^x)- By definition the differential cZ^ : 
— > is a morphism of Pro-object represented by differential operators of order at most one. It 
defines in a unique way a morphism da^ : <S^ffx — ^ ,J^'+^. This morphism extends in a unique 
way to a morphism of stratified Pro-modules Qxl*^^) • {^^x\'i® x — ^{■^xlz'X'^x ^^^'^ ■ Using 
the ^x-base of ^x,\ given in local coordinates by I, d2:\, ■ • • , dxd we have for any section s of 



(5.1.1) 



d%{s) ^d<y{l®s) 



(where the second is taken as definition of rf^^.)- '^^^ maps d^^. : ^* 
depending on the choice of the coordinates. 



• ^'+^ are maps of ^x-modules 



5.2. Definition. Let ^' e C''(i/(^x), Diffx). Then ^' is a fl'x-"^odule in Pro-objects. Let 
by deGnition u'^ : Q-'^ ®ex — > be the Sl'x -structural maps. They are: 



i,0 





where the last vertical map 

j times 

^'x ®ffx — * ®ffx ^x ®<?x • • • ®ex ^x ®ex^'~' 
is induced by the shufHe on a basis. 

Now we prove a technical lemma which will be used in the proof of our main theorem. 

5.3. Lemma. Given .JT* G Ci(i^(^x), Diffx); the morphisms d%, d^. of (5.1.1) for i e Z and 

j G {0, d} satisfy the following conditions: 

i) d'+^ od%=0 

ii) d^io4 + d;+io4^=o 

Hi) di+^od'+di+^odi. =0 

x Jj-J Jj/z Jjfz Jjy 
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iv) di+^odi. =0. 

Proof. The first condition is given by the hypothesis G Ci(z/(^x), Diflcx), so the composi- 
tion rfj^ o rf^ = 0. In order to prove ii) to iv) we remark that: 



d'^' ° < is) + di+} o rf^(s) =d'+'d%{^j s) = 



dZ' ° 4, (s) + o d^As) =d'^'dU^] ® s) = 



where = 1 (8) Xj — Xj ^ 1 G We recall that d^^^d^^ is obtained by the composition 

^\ =^'+^ 



and (5^'^ was defined in 2.4. 



□ 



5.4. Definition. Let dx\, . . . , rfa;„ be a local basis for fi^c (^wiiere n is the dimension of X). 
We define the maps 

fdxi^ A • • • A dxi- (g) s I — > fdxl~^ o • • • o dx-""' (s) 

where f is a section of 6x cind s is a section of J^'"-^ . This definition does not depend on local 
coordinates and moreover ct^ = j^if^ ■ 

5.5. Definition. Let q = {qm}z ■ {^x}^ — * be the usual projection which is linear for 
both the ^x-module structures of {^^}z- Given ^' e Ci(i^(^jc), Diffx) we define the morphisms 

d 

: n{ {^^}z ^'-^ 

j=o 

for each i G Z in the following way: we consider the composition 

id^j 0q0id^i-j 

fl^ {^xh ^ex -^'"^ ^ 




and by definition := J2 .=o 

5.6. Theorem. We have two morphisms of functors 

* : idc>.iiP-^) -^Q,%o DRx = Q?,x ° DRi,x 

(functors between C^{^x) 8.nd itself) 

$ : DRi,x o OSc — ^«c?cJ(^(^x),Difix) 

(functors between C{'(i^(^x), Diflfx) and itself). They induce quasi-isomorphisms of complexes. So 
the functors DRi^x 8.nd DRx localize with respect to Q^-quasi-isomorphisms inducing the functor 

DRi.x : D>>{^x)^D>l{u{^x),'DiSx). 

DRx : D'>{^x)^D>>{i^{^x),^iSx). 

12 



Moreover DRx (resp. DRi^x ) is an equivalence of categories whose quasi-inverse is the functor 
(resp. Q^^x)- 

Proof. The morphism dP : ^x induces a morphism of bicomplexes (see (4.5.2)) 

— {^xh ®ex ^'x- 
Then we obtain a morphism of complexes 

^' {^^}z ®ex fi'x = 

^Q°,(DRx(^-)) = 
^Q?,^(DRi,x(^-)). 

The isomorphism between the first and the second complex is induced by the stratification on 
which is the isomorphism {^x}^ ®ex — ®ffx {^x}^- Corollary 4.5 we obtain that 
it is a quasi-isomorphism. So the functors DRi,x and DRx send qis in D^{^^) into Q^-qis which 
permits us to localize them. 

We have to prove that the diagram 



is commutative. 

The complex DRxQx°(^*) = i'^")tot where 



and 



IS 



while 



IS 



rf^'^ : ^"x ^ex {^xU ^ex ^\ ®ex {^xV ®ex ^"^^ 



(5.6.2) d!^^'" = ida-^®^\{d%); 

where DW.x{pq{^x)) was considered in 4.4.1. 

Given a bounded bicomplex with commuting differentials dj'"^ : IP-i ^ Jp+^-i and d'j'^''^ : 
/p>9 /p>9+i ^ the total complex associated to it is denoted by I'^^ with 7^^^ := 0p+g^r-^^'' 
di,^,{x) = df\x) + {-lYd!jP'\x) for any x e 

The set Hom(^*Qj, B') of morphisms of complexes between a total complex of a bicomplex and 
a complex is the set families of maps {(p^ : A^^^. -^BP}p such that o (pP = (pP~^^ o d^^^^. Then 
Hom(A[Qj, B*) is isomorphic to the set of families of maps {ipP''^ : A'1'P~'^ ^ BP}p^q satisfying the 
following conditions 

(5.6.3) d^B o = ^+i>«+id;«'f-« + (-1) V^+''^ o d^"'^ 
for any p, q. So we have only to prove that 

(5.6.4) d% o = ^^I'^+irf^'^'-" + (-1)''$^^'« o 4«'f-9 
is true. 
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It is enough to check these relations locally, choosing local coordinates xi,. . . , Xn- The sections 
fdxii A • • • A dxi^ 1 (g) s generate (g)^^ {^xh '^&x where s is a section of ^f"'. Then 



(F^ o ^%\fdXi, A • • • A dXi^ I ® s) =d%{fdP-' ■ ■ ■ = 



1=1 



dxi 



while 

A • • • A da;i, ® 1 s) =$^i'«+i(^ -i-rfa;. a dXi, A • • • A I s) = 

For the last term wc have 

^P+'^''d'^^^P-''{fdXi, A • • • A dXi^ ® I ® s) A • • • A dxi^ ® I ® d^-«(s)) = 

Thus, using Lemma 5.3, we prove our assertion. Moreover the composition 

^' ^'x ®'e^ {^xh ^' 



is the identity so is a Q'^-quasi-isomorphism. In particular the functor DRx localizes to DRx : 
D^(^j^) — > D^{i'{&x),^iSx) and it is an equivalence of categories with quasi-inverse the localized 



Qx functor. 



□ 



5.7. Corollary. The functor 

A : Dj(K^jf),Difrx) ^D''K^'x),Difrx) 
is an equivaience of categories whose quasi-inverse is the functor DRx o . 



6. Crystals in Pro-Modules 

We refer to Grothendieck expose [G] for the definition of crystalline site Cris{X/C) in char- 
acteristic zero (and also to Berthelot's thesis [Be]). We denote by ^x/c the sheaf on Cris{X/C) 
such that for any object (nilpotent closed immersion U ^ T with U C X open subset) its value is 
^x/ciU ^ T) := Gt- It is a ringed sheaf on Cris(X/C). 

6.1. Definition. A crystal in Pro-modules is a sheaf on Pro-^x/c-^odules in the 

crystalline site Cris{X/C) such that for any morphism p : {If ^ T'} ^{U ^ T} given by the 
diagram 

U' ^T' 

p 



U- 



X 



we have {p*{^^{U ^ T))},^i ^ {^,{U' ^ r)},^i. 
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6.2. Theorem. The category I'i^x) is equivalent to the category of crystals in Pro-coherent 
0'x/c-n^odules. 

Proof. The proof is equivalent to the classical proof of the equivalence between stratified 
i^jf/C-modulcs and crystals (see [Be]). If is a crystal in Pro-coherent €?'j!f/c-modules then 

{^i{X X)} i£/ e i^i^x)- Taking the diagram defined by the diagonal thickenings X„ — >X x X 
with n G N 

X ^X, 




we obtain the stratification {pQ{^i{X ^ X„))}i^i = {pl{^i{X ^ Xn))}iei in the Pro-object 

{^i{X X)},^i. 

Conversely if G '^{{^x)^) '^^ define a sheaf on Cris{X/C) in the following way. For any 

object U ^ T € Cris{X/C) there exists locally a section h : T—^X (X is smooth). We define 
CR{{.^i}i){U ^ T) := {h*{^i)}i. These local definitions patch together to define a sheaf in Pro- 
coherent ^x/c-Modules which is a crystal. □ 



6.3. Remark. Dcligne proved in a conference at IHES (1970 unpublished) that the category 
of "regular" crystals in Pro-modules on X is equivalent to the category of "algebraic" constructible 
sheaves in the analytic space X"". Hence, Theorem 5.6 might be interpreted as an algebraic Pro- 
version of a Riemann-Hilbert equivalence. 
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